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We developed a Friedrichs-model-like scheme in studying the hadron resonance phenomenology
and present that the hadron resonances might be regarded as the Gamow states produced by a
Hamiltonian in which the bare discrete state is described by the result of usual quark potential
model and the interaction part is described by the quark pair creation model. In a one-parameter
calculation, the X(3862), X(3872), and X(3930) state could be simultaneously produced with a
quite good accuracy by coupling the three P-wave states, χc2(2P ), χc1(2P ), χc0(2P ) predicted in
the Godfrey-Isgur model to the DD¯, DD¯∗, D∗D¯∗ continuum states. At the same time, we predict
that the hc(2P ) state is at about 3902 MeV with a pole width of about 54 MeV. In this calculation,
the X(3872) state has a large compositeness. This scheme may shed more light on the long-standing
problem about the general discrepancy between the prediction of the quark model and the observed
values, and it may also provide reference for future search for the hadron resonance state.
PACS numbers: 12.39.Jh, 13.25.Gv, 13.75.Lb, 11.55.Fv
As regards the charmonium spectrum above the open-
flavor thresholds, general discrepancies between the pre-
dicted masses in the quark potential model and the ob-
served values have been highlighted for several years.
Typically, among the P-wave n2s+1LJ = 2
3P2, 2
3P1,
23P0, and 2
1P1 states, the X(3930), discovered by the
Belle Collaboration[1], is now assigned to χc2(2P ) char-
monium state though its mass is about 50 MeV lower
than the prediction in the quark potential model [2–4].
The properties of the other P-wave states have not been
firmly determined yet. The X(3872) was first observed
in the B± → K±J/ψπ+π− by the Belle Collaboration in
2003 [5]. Although its quantum number is 1++, the same
as the χc1(2P ), the pure charmonium interpretation was
soon given up for the difficulties in explaining its decays.
The pure molecular state explanation of X(3872) also en-
counters difficulties in understanding its radiative decays.
So its nature remains to be obscure up to now. As for
the χc0(2P ) state, the X(3915) is assigned to it several
years ago, but this assignment is questioned for the mass
splitting between χc2(2P ) and χc0(2P ), and its dominant
decay mode [6, 7]. In Ref.[8], analyses of the angular
distribution of X(3915) to the final leptonic and pionic
states also support the possibility of being a 2++ state,
which means that it might be the same tensor state as
the X(3930). Very recently, the Belle Collaboration an-
nounced a new result about the signal of X(3862) which
could be a candidate for the χc0(2P ) [9]. The 2
1P1 state
has not been discovered yet. These puzzles have been
discussed exhaustively in the literatures (see refs. [10–12]
for example), but a consistent description is still missing.
In this paper, we adopt the idea of Gamow states
and the solvable extended Friedrichs model developed
recently [13–15], usually discussed in the pure mathe-
matical physics literature, to study the resonance phe-
nomena in the hadron physics, in particular the charmo-
nium spectrum. Using the eigenvalues and wave func-
tions for mesons in the Godfrey-Isgur (GI) model [3] as
input and modelling the interaction by the quark pair
production (QPC) model, we found that the first ex-
cited 2++, 1++, and 0++ charmonium states could be
reproduced with good accuracy in an one-parameter cal-
culation, and the mass and width of 1+− state are also
obtained as a prediction. These results are helpful in
resolving the long-standing puzzle of identifying the ob-
served P-wave state, and also shed more light on the
interpretation of the enigmatic X(3872) state. Further-
more, this method can also provide the explicit wave
functions of resonances, “compositeness” and “elemen-
tariness” parameters for bound states, and scattering S-
matrix involving these resonances [13–15], which are rig-
orously obtained in the Friedrichs model and have im-
portant applications in further studies of the resonance
properties. This scheme provides a general framework
to incorporate the hadron interaction corrections to the
spectra predicted by the quark model, and can be used in
evaluating the other mass spectra above the open-flavor
threshold to reconcile the gaps between the quark poten-
tial model predictions and the experimental results.
To introduce our theoretical framework, we begin by
recalling some basic facts about the Friedrichs model.
A resonance exhibiting a peak structure in the invari-
ant mass spectrum of the final states could be under-
stood as a Gamow state in the famous Friedrichs model
in mathematical physics [16]. In the simplest version of
the Friedrichs model, the full Hamiltonian H is separated
into the free part and the interaction part as
H = H0 + V, (1)
2and the free Hamiltonian
H0 = ω0|0〉〈0|+
∫ ∞
ωth
ω|ω〉〈ω|dω (2)
has a discrete eigenstate |0〉 with eigenvalue ω0 > ωth,
and continuum eigenstates |ω〉 with eigenvalues ω ∈
[ωth,∞), ωth being the threshold for the continuum
states, and they are normalized as
〈0|0〉 = 1, 〈ω|ω′〉 = δ(ω − ω′), 〈0|ω〉 = 〈ω|0〉 = 0. (3)
The interaction part serves to couple the discrete state
and the continuous state as
V = λ
∫ ∞
ωth
[
f(ω)|ω〉〈0|+ f∗(ω)|0〉〈ω|]dω, (4)
where f(ω) function denotes the coupling form factor be-
tween the discrete state and the continuum state and
λ denotes the coupling strength. This eigenvalue prob-
lem for the Hamiltonian can be exactly solved. In the
Rigged-Hilbert-Space (RHS) formulation of the quantum
mechanics developed by A.Bohm and M.Gadella, the dis-
crete state becomes generalized eigenstate with a com-
plex eigenvalue, which corresponds to the resonance state
called Gamow state [17, 18]. The relation of the Gamow
state and the pole in the scattering amplitude in the S-
matrix theory is also straightforward [18]. By summing
the perturbation series, I.Prigogine and his collabora-
tors also obtained a similar mathematical structure [19].
Properties of Gamow states could be represented by the
zero point of η(x) function on the unphysical sheet of the
complex energy plane, where
η±(x) = x− ω0 − λ2
∫ ∞
ωth
|f(ω)|2
x− ω ± iǫdω . (5)
In general, when λ increases from 0, the zero point moves
away from the real axis to the second Riemann sheet.
The wave function of the Gamow state is expressed as
|zR〉 = NR
(
|0〉+ λ
∫ ∞
ωth
dω
f(ω)
[zR − ω]+ |ω〉
)
, (6)
and the conjuate for a pair of resonance poles on the
second Rienmann sheet, where the [· · · ]± means the an-
alytical continuations of the integration [13]. There could
also be bound-state and virtual-state solutions both for
ω0 > ωth and ω0 < ωth, with the wave function being
|zB,V 〉 = NB,V
(
|0〉+ λ
∫ ∞
ωth
f(ω)
zB,V − ω |ω〉dω
)
, (7)
for a bound (virtual) state |zB〉 (|zV 〉) at zB (zV ) on
the first (second) Riemann sheet below the threshold,
where N
(∗)
R,B,V are the normalizations. For virtual states,
the integral should be continued to zV on the second
sheet. A generalization of the Friedrichs model to include
multiple discrete states and multiple continuum states is
also worked out and readers are referred to Refs.[13–15]
for more detailed discussions.
Inspired from QCD one-gluon exchange interaction
and the confinement, the Godfrey-Isgur model [3], with
partially relativized linear confinement, Coulomb-type,
and color-hyperfine interactions, provides very success-
ful predictions to the mass spectra of the conventional
meson states composed of u, d, s, c, and b quarks, but
its predictions with regard to the states above the open-
flavor thresholds are not as good as those below. These
discrepancies might arise from the neglecting of the cou-
pling between these “bare” meson states and their decay
channels (both open and closed) as they mentioned [3].
In our scheme, the GI’s Hamiltonian which provides the
discrete bare hadron eigenstates can be effectively viewed
as the free Hamiltonian in the Friedrichs model, and the
interactions between the bare states of H0 and the con-
tinuum states is modeled by the QPC model [20], which
modify the spectrum above the open-flavor thresholds.
The stronger the coupling is, the larger the influence is.
The wavefunctions in the QPC model is chosen to be the
same as the eigenstate solutions in the GI model which
is approximated by a combination of a set of harmonic
oscillator basis. Since the OZI-allowed channel will be
more strongly coupled to the bare states than the OZI-
suppressed channel, the pole shift is dominantly caused
by the these channels. So, we include only the OZI al-
lowed channels in our analysis.
In the spirit of the Friedrichs model, suppose a discrete
state |0; JM〉 with spin J , coupled to a continuum com-
posed of two hadrons |p; JM,LS〉 with a total angular
momentum quantum numbers J,M , orbital angular mo-
mentum quantum number L, total spin S, the center of
mass (c.m.) momentum p for the two particles, and the
reduced mass µ. In the non-relativistic theory, the free
Hamiltonian in the c.m. frame can be expressed as
H0 =M0
∑
M
|0; JM〉〈0; JM |
+
∑
L,S
∫
p2dp ω|p; JM ;LS〉〈p; JM ;LS| . (8)
The interaction between the discrete states and the
continuum states is rotationally invariant and we can
confine ourselves to a fixed JM channel and omit the
JM indices. The matrix elements of the interaction po-
tentials can be expressed as [15]
H01 =
∑
S,L
∫
dωfSL(ω)|0〉〈ω,LS|+ h.c. (9)
by absorbing a phase space factor
√
µp in both fSL(ω)
and |ω,LS〉.
The definition of the meson state is different from the
one in Ref. [21] by omitting the factor
√
2E to ensure
the correct normalizations. Then, the meson coupling
3A→ BC can be defined as the transition matrix element
〈BC|T |A〉 = δ3( ~Pf − ~Pi)MABC (10)
where the transition operator T is the one in the QPC
model
T = −3γ
∑
m
〈1m1−m|00〉
∫
d3 ~p3d
3 ~p4δ
3(~p3 + ~p4)
×Ym1 (
~p3 − ~p4
2
)χ341−mφ
34
0 ω
34
0 b
†
3(~p3)d
†
4(~p4).(11)
By the standard derivation one can obtain the ampli-
tude MABC and the partial wave amplitude MSL(P (ω))
as in Ref. [20]. Then the form factor fSL which describes
the interaction between |A〉 and |BC〉 in the Friedrichs
model can be obtained as
fSL(ω) =
√
µP (ω)MSL(P (ω)), (12)
where P (ω) =
√
2MBMC(ω−MB−MC)
MB+MC
is the c.m. momen-
tum,MB andMC being the masses of meson B and C re-
spectively. Now, after including more continuum states,
η(z) function can be expressed as
η±(z) = z − ω0 −
∑
n
∫ ∞
ωth,n
∑
S,L |fnSL(ω)|2
z − ω ± iǫ dω, (13)
where ωth,n denotes the energy of the n-th threshold.
Notice that this function can be continued to an analytic
function η(z) defined on a 2n-sheet Riemann surface in
the case of n thresholds. The poles of a scattering am-
plitude are just the zeros of the η(z) function [15], and
its real part and imaginary part represent the mass and
half-width of the Gamow state. Only the Gamow states
close to the physical region could significantly influence
the observables such as cross section or invariant mass
spectrum of the final states.
With the parameters in the GI model [3], we first re-
produced the results of GI by approximating the wave
function of the P-wave charmonium states and the
charmed mesons with 30 Harmonic Oscillator wave func-
tion basis. Using these wave functions of the meson states
in the QPC model, one could then obtain the coupling
form factor in the Friedrichs model. The only parameter
of the QPC model is γ, which represents the quark pair
production strength from the vacuum. In the literature,
various values of γ are chosen in different situations, and
a typical value is chosen as 6.9 [4, 22]. However, since
the wave functions used here are different from theirs, it
is no need to choose the same value as there. We choose
it to be a value around 4.0 such that all the observed
P -wave first excited charmonium state spectrum can be
reproduced well simultaneously in our scheme.
The coupled channels are chosen up to D∗D¯∗ in the
four cases. The χc2(2P ) state can couple to DD¯, DD¯
∗,
and D∗D¯∗ in both S and D-wave. For the χc1(2P ) and
hc(2P ) states, the coupled channels areDD¯
∗, and D∗D¯∗.
In the case of the χc0(2P ) state, the coupled channels are
DD¯, and D∗D¯∗.
The poles of scattering amplitude (zero of the η(z)
function) could be extracted by analytically continu-
ing η(z) to the closest Riemann sheet. To make this
scheme more friendly to the experimentalists, one may
approximate η(z) by a Breit-Wigner parametrization as
η(z) ≈ z −MBW + iΓBW /2, and the mass parameter is
determined by solving
MBW − ω0 −
∑
n
P
∫ ∞
ωth,n
∑
SL |fnSL(ω)|2
MBW − ω dω = 0,(14)
on the real axis where P ∫ means principal value integra-
tion and the Breit-Wigner partial width of the n-th open
channel is expressed as
ΓnBW = 2π
∑
S,L
|fnSL(MBW )|2, (15)
and the total width Γtot =
∑
n Γ
n
BW . It is worth mention-
ing that this approximation, Eq. (14) and (15) together,
is only valid when it is used to represent a narrow reso-
nance far away from the thresholds.
TABLE I. Comparison of the experimental masses and the
total widths (in MeV) [23] with our results.
n2s+1LJ Mexpt Γexpt MBW ΓBW pole GI
23P2 3927.2 ± 2.6 24± 6 3920 10 3920-4i 3979
23P1 3942 ± 9 37
+27
−17 3934-40i 3953
3871.69 ± 0.17 < 1.2 3871 0 3871-0i
23P0 3862
+66
−45 201
+242
−149 3878 11 3878-5i 3917
21P1 3895 37 3902-27i 3956
The numerical results of the extracted pole position
and related Breit-Wigner parameters are shown in Ta-
ble I. If there is only one open channel, usually one
Gamow state which originates from the bare state is ex-
pected, but sometimes there could also be an extra vir-
tual state or bound state generated by the form factor
f(ω)f(ω)∗ when the coupling is strong, which exhibits
the molecular nature of this state. Here, the X(3872) is
just of this nature. In Ref. [13], we discussed the general
condition for this kind of virtual or bound state poles.
For the 23P2 channel, DD¯ and DD¯
∗ thresholds are
open for the χc2(2P ). This pole is shifted from the GI’s
value down to about 7 MeV below the observed value.
Its width is about 10 MeV, a little smaller than the ob-
served one. The branching ratio between DD¯ and DD¯∗
is 2.4, which demonstrates that DD¯ is its dominant de-
cay channel. Its decay probability to DD¯∗ is relatively
small, but there is still some possibility that there is the
contribution of X(3930) in the DD¯∗ mass distribution in
experiments.
4In the 23P1 channel, one pole is shifted down from the
bare state to about 3934 MeV with fairly large width,
while another bound state pole emerges just below the
threshold around 3871 MeV, which is consistent with
the X(3872) found in the experiment. If the coupling
strength γ is tuned smaller, this bound-state pole will
move across the DD¯∗ threshold to the second sheet and
becomes a virtual state pole. This pole is dynamically
generated from the form factor which is an evidence of
the molecular origin of the state. It is natural to assign
this bound state pole to the X(3872), and the higher
state generated from GI’s bare state might be related to
the X(3940) state.
In the 23P0 channel, the χc0(2P ) state is found to
be a narrow resonance at about 3878 MeV. We noticed
that the mass of the newly observed χc0(2P ) candidate
is at 3862 MeV with a width 201+242−149 MeV [9], having
a large uncertainty. Although the DD¯ channel is OZI-
allowed for the χc0(2P ) state, in this calculation we find
that the coupling between the DD¯ channel and the bare
χc0(2P ) is unexpectedly weak which causes the narrow
width. This narrow width is roughly only the bin size
of the data in [1, 24] and is also smaller than the one in
the more recent [9]. So, in the future experiments, we
propose a further exploration with a higher resolution in
this energy region to see whether there is a narrow signal
missing in the present data. An interesting observation is
that there seems to be a simultaneous small excess at the
vicinity of about 3860 MeV in γγ → DD¯ experiment of
both Belle [1] and BABAR Collaboration [24]. Especially
in BABAR’s data, the small structure extends to a dip
around 3880MeV. Notice the data points in the region of
3850MeV < m(DD¯) < 3875MeV in Fig. 1.
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FIG. 1. The mass distribution of γγ → DD¯ from BABAR [24]
and Belle [1]. The data of Belle is the one for | cos θ∗| < 0.5.
The two dashed lines are set at m(DD¯) = 3850 MeV and
3875 MeV.
The pole mass of hc(2P ) state is predicted at around
3902 MeV in this scheme. As we have mentioned,
χc2(2P ), χc1(2P ), hc(2P ) all couple to the DD¯
∗ chan-
nel, which has no definite C-parity. This means that the
enhancement above the DD¯∗ threshold contains all the
contributions from these states. To detect the hc(2P )
signal, one needs to look for it in a negative C-parity
channel such as ηcγ in this energy region.
Further remarks about the X(3872) is in order. In
our calculation, although it is found to be a bound state,
we can not exclude the possibility of a virtual state na-
ture [25, 26], since only a small shift down of the γ pa-
rameter will move it to the second sheet. In [27], im-
proving the approach adopted in [28], a dispersion rela-
tion method combined with the QPC model is also used
in discussing the charmonium-like states, where X(3872)
can also be produced. However, since the wave function
for the X(3872) can not be obtained there and the wave
function used in the QPC model there is inaccurate, fur-
ther discussion on the nature of the X(3872) may not
be accurate. In the present scheme, the exactly solv-
able Friedrichs model provides a more solid theoretical
setup and since the more accurate hadron wave func-
tion of the GI model is used in the QPC model, the re-
sult here would more accurately discribe the nature of
the X(3872). Moreover, since the wave function for the
X(3872) can be rigoroursly solved in terms of the discrete
state and the continuum states, one can also find out its
compositeness and elementariness. The compositeness of
a bound state, defined as the probability of finding the
n-th continuous states in the bound state, is expressed in
the Friedrichs model as
Xn =
1
N2
∫ ∞
ωth,n
dω
∑
S,L
|fnSL(ω)|2
(mB − ω)2 , (16)
where the normalization factor is
N = (1 +
∑
n
∫ ∞
ωth,n
dω
∑
S,L
|fnSL(ω)|2
(mB − ω)2 )
1/2. (17)
If the X(3872) is a bound state, the relative ratio of find-
ing cc¯ and DD¯∗ in the state is about 1 : 3.1 ∼ 1 : 9.3 if
we tune the γ parameter such that the X(3872) locates
within 3.8710 ∼ 3.8717, showing the dominance of the
continuum part in this state, which also demonstrates its
molecular dominant nature [29–32]. Since the position
of the X(3872) is very close to the threshold, the com-
positeness is sensitive to its position. In comparison, in
[32], by analyzing the production rate of CMS [33] and
CDF [34] data within the framework of NRQCD factor-
ization, the cc¯ component is estimated to be 22 − 44%,
which is consistent with our value. However, our result
is different from [35], in which the cc¯ component is about
6%. Nevertheless, both results favor a large DD¯∗ com-
ponent. Another QCD sum-rule analysis [36] predicts
a larger cc¯ component, about 97%, but the mass of the
state is too low, at around 3.77 GeV, compared to the ob-
served one of X(3872). It is worth emphasizing that for a
resonance, the compositeness and elementariness param-
eters will become complex numbers [15], so they have
no rigourous definitions, but some definitions proposed
in the literature [37, 38] might be able to approximately
describe these quantities.
In this paper, using the exactly solvable Friedrichs
model, we propose a general framework to include the
5hadron interaction corrections to the quark model spec-
trum predictions, in particular to the generally accepted
GI’s standard results. The explicit wave function for the
resonances can be obtained and the compositeness and el-
ementariness of the bound states can be calculated which
are important for further study of the properties of the
state. Using this scheme, we could reproduce the first ex-
cited P-wave charmonium-like states. In particular, we
find that the X(3872) could be dynamically generated in
a natural way by the coupling of the bare χc1(2P ) state
and continuum states, but its continuum components is
larger. The χc0(2P ) is found unexpectedly to be a nar-
row one. We also predict the appearance of the hc(2P )
state to be at about 3902 MeV with a pole width of about
54MeV. This scheme is promising in matching the predic-
tions of GI model with the observed states. The accept-
able consistency of our results and experiments means
that the hadron interactions really give large corrections
to the GI’s results for open flavor channels which can
reconcile the descrepancy between the quark model pre-
diction and the experiments.
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